The expression of the components of the equation of motion of the classical Kepler problem in terms of the natural variables associated with the Ermanno-Bernoulli constants leads naturally to the same equations as are obtained by the technique of reduction of order developed by Nucci ͓J. Math. Phys. 37, 1772 ͑1996͔͒, reported by Nucci and Leach ͓J. Math. Phys. 42, 746 ͑2001͔͒. Three representations of the complete symmetry group of the Kepler problem are obtained from the three standard representations of the complete symmetry group of the simple harmonic oscillator. The algebra of the complete symmetry group of the two-dimensional Kepler problem is identified to be A 1 ͕A 3,3 ͖. The applicability of the results to other classes of problem, such as the Kepler problem with drag, which possess a conserved vector of Laplace-Runge-Lenz type, is indicated. The three-dimensional Kepler problem is shown to be completely specified by six symmetries rather than the eight previously reported by Krause ͓J. Math. Phys. 35, 5734 ͑1994͔͒.
I. INTRODUCTION
When studies of the Lie point symmetries of various ordinary differential equations and systems of ordinary differential equations were being reported in the late 1970s, it was customary to describe the set of point symmetries obtained by the Lie method as the complete symmetry group of the differential equation ͑or system of differential equations͒. This was a reaction to some earlier results obtained using Noether's theorem for which, in the case of a linear second order ordinary differential equation, five point symmetries were reported. The expression fell out of use during the 1980s. In 1994 Krause 15 revived the usage of the expression in a context for which it was a much more suitable descriptor. Krause's concept of a complete symmetry group of a differential equation is the group associated with the set of symmetries, be they point, contact, generalized or nonlocal, required to specify the equation or system completely. Specifically he required that the elements of the group have the two properties that the manifold of solutions be an homogeneous space of the group and the group be specific to the system, i.e., no other system admits it. Subsequently a requirement of minimality was added after Andriopoulos et al. 1, 2 showed that not only was the group not unique but also the dimensionality could vary. The completeness of the specification was up to a scaling factor in the example used by Krause as the vehicle for his discussion and up to an arbitrary translation in an example discussed by Leach et al. 21 As a vehicle to illustrate the concept of a complete symmetry group Krause used the Kepler problem, which is probably the central paradigm of mechanics. The Kepler problem possesses the first integrals of the conservation of the scalar energy, the vector of angular momentum and vectors in the plane of the orbit known as Hamilton's vector 13 and the Laplace-Runge-Lenz vector. 5, 14, 3, 16, 31, 22 The invariance Lie algebra of the first integrals under the operation of taking the Poisson bracket is so͑4͒ ͑in the case of negative energy͒ and the Lie algebra of the five Lie point symmetries of the equation of motion A 2 so(3). The algebra of the complete symmetry group has not been given. The elements of the five-dimensional algebra are in which x 1 , x 2 , and x 3 are the usual Cartesian components of the position vector r of magnitude r. These five point symmetries of the equation of motion are insufficient to specify the equation completely. To overcome the deficiency in the number of symmetries Krause introduced a nonlocal symmetry of specific structure defined by
and obtained three symmetries of this form, videlicet
which has the compact form Yϭ2ͩ ͵ r dt ‫ץͪ‬ t ϩr r‫ץ‬ r ,
͑1.4͒
in which r 2 ϭx 1 2 ϩx 2 2 ϩx 3 2 , for the Kepler problem. With these three additional symmetries he was able to specify completely the three second order equations of the equation of motion, up to the value of the gravitational constant in the radial equation which, as was noted above, is scalable. Despite Krause's belief that the necessary number of symmetries for the complete symmetry group of the Kepler problem could not the obtained by means of the standard Lie point symmetry analysis, Nucci 28 was able to obtain all of the elements of the complete symmetry group by means of Lie point symmetry analysis-to be fair to Krause one must omit the word standard-so that the determination of the symmetries could be determined by the use of her interactive code. 26, 27 The technique of reduction of order introduced by Nucci 28 was successfully used by Nucci and Leach 29 on a number of problems, both real and imaginary, for which conserved vectors of the type of the Laplace-Runge-Lenz had been found, mainly in the 1980s. 7, 8, 10, 11, 18, 17 Just as the Laplace-Runge-Lenz vector provides a direct route to the equation of the orbit of the classical Kepler problem, the corresponding vectors of the generalized Kepler problems provide the same direct route to the equations of their orbits.
Nucci and Leach 29 showed that there were more nonlocal symmetries of the structure adopted by Krause ͑1.2͒, obtainable as point symmetries by the reduction method of Nucci, than Krause had reported. One of the intentions of this paper is to show that these additional nonlocal sym-metries have a place in the discussion of the complete symmetry group. We find that there are three equivalent representations of the complete symmetry group, which we also described, for the Kepler problem. All symmetries are found by point methods. We find that there is no need to use the method of reduction of order introduced by Nucci since there is a natural variable availableits existence was demonstrated using the method of reduction of order in Nucci and Leach 29 -to write the system as the equation of a one-dimensional simple harmonic oscillator plus a conservation law. ͑This is in the case of a two-dimensional treatment. For three dimensions the corresponding result is one differential equation plus two conservation laws. We confine our attention to two dimensions for purposes of simplicity of presentation.͒ The equivalence of the Kepler problem to the simple harmonic oscillator plus a conservation law is carried over in the group properties. Some years ago Mahomed and Leach 20 showed that the three first integrals of the simple harmonic oscillator, ẍ ϩxϭ0, 1 showed that this very algebra provided the elements of the complete symmetry group of the equation of motion for the simple harmonic oscillator. We see that these three equivalent representations lead to three equivalent representations of the complete symmetry group of the Kepler problem.
By analogy these results apply to all other systems for which one can obtain a LaplaceRunge-Lenz vector.
In the next section we summarize the determination and properties of the integrals of the Kepler problem, show how this leads naturally to the simple harmonic oscillator and consider the properties of the symmetries of the latter. In the following section we provide an explicit demonstration that the sets of symmetries obtained are indeed the elements of the complete symmetry group of the two-dimensional Kepler problem. In Sec. IV we consider the connection between the simple harmonic oscillator and the Kepler problem in three dimensions. We present some observations in Sec. V.
II. THE CONSERVATION LAWS OF THE KEPLER PROBLEM
The reduced equation for the Kepler problem is 0ϭrϩ r r 3 .
͑2.1͒
The vector product of r with ͑2.1͒, videlicet 0ϭrϫrϩ rϫr r 3 , ͑2.2͒
gives that
Lªrϫṙ

͑2.3͒
is a conserved vector, essentially the angular momentum. ͑One could imagine that we set the effective mass of the system at unity by rescaling.͒ The vector product of ͑2.1͒ with L gives 0ϭ͑ṙϫL͒ . ϩ rϫL r 3 .
͑2.4͒
With the use of the decomposition ṙϭṙ rϩrṙ ͑2.5͒
we may write the vector product in the numerator of the second term of ͑2.4͒ as
and we obtain a second conserved vector, videlicet
which is the renowned Laplace-Runge-Lenz vector, presumably so-called because it was discovered by Ermanno and Bernoulli at the beginning of the eighteenth century.
There is a third conserved vector which was obtained by Hamilton in 1845. Trivially it may be obtained by taking the vector product of L and J. However, as it arises from a direct integration of the equation of motion ͑2.1͒, such a derivation from integrals which require the use of integrating factors applied to the equation of motion does seem to be a little lacking in fundamentalism. We define a unit vector, , as the unit vector in the instantaneous direction of the angular velocity, i.e., in the direction of ṙ. With r and L it forms an orthogonal triad. Specifically we have ϭL ϫr, ͑2.9͒
since the direction of L is constant. We consider the vector product on the right of ͑2.10͒. From the definition of the angular momentum we have
Taking the vector product of this with ṙ we have
and so the equation of motion
Since Lϭr 2 rϫṙ, Eq. ͑2.13͒ is trivially integrated to give
which is Hamilton's vector. We note that in the above derivation we have not made use of the fact that the orbit is in a plane due to the conservation of the angular momentum. When we reduce the motion to motion in a plane, we may use plane polar coordinates, (r,), and replace with .
The vectors J, K, and L constitute an orthogonal triad. The explicit expression for J in plane polar coordinates is
Since rϭ î cos ϩĵ sin and ϭϪi sin ϩĵ cos , the Cartesian components of J are
From the combination
͑2.18͒
where Lªr 2 is the magnitude of the angular momentum and the prime denotes differentiation with respect to , we define the Ermanno-Bernoulli constants as
where
The reason for the rescaling is to be found in the radial equation of motion which has the simple form
͑2.20͒
i.e., the equation for a one-dimensional simple harmonic oscillator. Of course, the reduction of the radial equation to that of a linear oscillator equation is scarcely novel ͓see, for example, Whitaker ͑Ref. 32, p. 83͔͒, but its group theoretical derivation and the identification of the new variable as being derived from the Laplace-Runge-Lenz vector is more recent. 29 Note that we can write the Laplace-Runge-Lenz vector in terms of v 1 as
͑2.21͒
For the sake of completion we note that the scalar product of ṙ with ͑2.1͒ is easily integrated to give the energy integral, videlicet
The various first integrals are related according to
͑2.23͒
III. THE THREE REPRESENTATIONS OF THE COMPLETE SYMMETRY GROUP OF THE KEPLER PROBLEM
In terms of the dependent variables v 1 and v 2 and the independent variable the twodimensional Kepler problem is defined by the system of differential equations
which correspond to the radial and angular components of the equation of motion ͑2.1͒. As a linear second order ordinary differential equation ͑3.1͒ possesses eight Lie point symmetries. The Lie point symmetries of the system ͑3.1͒ and ͑3.2͒ can be written as
These nine point symmetries plus ‫ץ‬ t which is implicit in the change of independent variable from t to constitute the set of symmetries at our disposal for the determination of the complete symmetry group of the Kepler problem.
In 1988 Mahomed and Leach 20 showed that to each of three specific invariants of a second order equation possessing eight Lie point symmetries there were three point symmetries with the same algebra, videlicet D s T 2 . Recently, Andriopoulos et al. 1 showed that the same three symmetries completely specified the equation and so the complete symmetry group was the semidirect product of dilations and translations in the plane. In our format, which differs somewhat from the earlier literature, the invariants, I A , I B , and I C , and the symmetries A i , B i , and C i , iϭ1,3, are
We note the typical variation of the appearance of combinations of ⌫ 2 and ⌫ 3 , both of which are rescaling symmetries, in the algebras of the invariants. 6, 19 Proposition: The complete symmetry group of the two-dimensional Kepler problem given by the equation of motion ͑2.1͒ has three ͑equivalent͒ representations given by the sets A, B or C plus ‫ץ‬ t .
To demonstrate the correctness of the proposition we first express the symmetries in terms of the variables found in ͑2.1͒. A (t,r,) symmetry becomes a (,v 1 ,v 2 ) symmetry according to
For A 1 we have ϭ0, ⍀ϭe i and ⌺ϭ0. We use the relations in ͑3.8͒ to determine that ϭϪr 2 e i and ϭϪ2͐re i dt. The same procedure is followed for A 2 and A 3 . In (t,r,) coordinates we obtain
The general radial and angular components of the equation of motion can be written as the system r ϭ f ͑ t,r,,ṙ , ͒, ϭg͑t,r,,ṙ , ͒, and invariance under the symmetry ‫ץ‬ t immediately enables us to write this in the simpler form
The actions of the second extensions of A 1 , A 2 , and A 3 on ͑3.10͒ and ͑3.11͒ give, respectively, 
͑3.17͒
after division by e i in ͑3.12͒ and ͑3.13͒ and e 2i in ͑3.16͒ and ͑3.17͒, respectively. We observe that the right-hand sides of the angular equations contain only g whereas those of the radial equations contained both f and g. We work with the former set of equations. Adding ͑3.15͒ and ͑3.17͒ we obtain
͑3.18͒
The combination Ϫ(1Ϫr/L 2 ) ͑3.13͒ and ͑3.15͒ gives
͑3.19͒
We eliminate all derivatives of g by means of the combination ͑3.18͒ and ͑3.19͒ to obtain gϭϪ 2ṙ r .
͑3.20͒
We further observe that the left-hand sides of the radial equations contain the same terms as those of the angular equations with f in place of g and take the same combinations as in the preceding paragraph to obtain
which, on the replacement of L by r 2 becomes f ϭr 2 Ϫ r 2 .
͑3.22͒
Hence the A-set of symmetries, together with ‫ץ‬ t , provides a representation of the complete symmetry group of the Kepler problem in the two-dimensional form considered here. As the B-set of symmetries is the complex conjugate of the A-set, it is evident that this set also leads to a representation of the complete symmetry group. We need only consider now the C-set.
In terms of (t,r,) coordinates the C-set symmetries are 
͑3.25͒
in an attempt to compactify the expressions. From our experience with the A-set of symmetries we know that the right-hand sides of the equations will be the same, apart from an interchange of f and g, for both the radial and angular components of ͑3.10͒ and ͑3.11͒. We also expect the angular equation to be simpler and so commence with these. We obtain
͑3.26͒
By means of some obvious manipulations we find that 2ixC 1 Ϫr͑C 2ϩ e Ϫi ϪC 2Ϫ e i ͒ϭ0 ͑3.27͒
and so must use this combination on the left-hand sides to obtain g. The left-hand sides are
from the latter of which a common factor of exp͓Ϯi͔ has been removed. After a little manipulation of these expressions in ͑3.27͒ we regain ͑3.20͒. The left-hand sides of the radial equations are
and, when we substitute these expressions in ͑3.27͒ and simplify, we obtain 2ix ͩ f Ϫr 2 ϩ r 2 ͪ
͑3.29͒
and so the radial equation of motion is regained. Thus we have proven the proposition by explicit demonstration. We observe that the symmetry, ‫ץ‬ t , is necessary to enable the manipulations with the terms in e Ϯi above. Without this symmetry we would have to include the nonlocal coefficients of the ‫ץ‬ t and so the exponential terms could not be eliminated. A priori one would have expected five symmetries from general considerations of the number of symmetries needed for an nth order system 1 and it is evident that the first order equation, representing the conservation of angular momentum, does not lead to the requirement of an additional symmetry.
It remains to consider the algebra of these representations of the complete symmetry group. The Lie brackets of the three representations are
The differences in the brackets can be rectified by suitable rescaling of the symmetries and renumbering. We note that ‫ץ‬ t has zero Lie brackets with all other symmetries. Taking the C-set as an example we see that subalgebra C 1 acts semidirectly on the pair, C 2Ϯ , which is an Abelian subalgebra. Thus the structure of the algebra is A 1 ͕A 1 s 2A 1 ͖, where we use the standard notation of the Mubarakzyanov classification, [23] [24] [25] in which the algebras within braces constitute the semidirect sum of dilations and translations in the plane, also known as A 3, 3 .
The reduction of ͑2.1͒ to ͑3.1͒ and ͑3.2͒ is essentially a reduction of order using the symmetry ‫ץ‬ t of the system ͑2.1͒. We have noted that all of the elements of the algebra of the complete symmetry group have zero Lie bracket with this symmetry. It is a commonplace ͓see, for example, Olver ͑Ref. 30, p. 185͔͒ that, if a point symmetry has zero Lie bracket with the symmetry used for the reduction, it remains as a point symmetry of the reduced system. If it does not, then it becomes an exponential nonlocal symmetry of the reduced system. Here we have an interesting situation in that a nonlocal symmetry having zero Lie bracket with the reducing symmetry becomes a point symmetry of the reduced system. This is a hitherto unexplored aspect of the subject of nonlocal symmetries and may well bear fruitful investigation.
As a final point in connection with the representations of the complete symmetry group of the two-dimensional Kepler problem we note that it is not necessary to express these in terms of nonlocal symmetries. If we consider the three A symmetries by way of example, we have
In each case the nonlocality comes from the integral in the coefficient function of ‫ץ‬ t . In the case of A 2 we may manipulate the integral as follows: for A 1 and A 3 , respectively. The integrals may be evaluated using standard integrals ͑Ref. 12, pp. 179, 180͒. In the case of negative energy as generalized symmetries we have
in which we have used the well-known relationship J 2 ϭ2EL 2 ϩ 2 . ͑The forms of the symmetries for the cases of positive and zero energy are calculated similarly.͒ The symmetries are generalized since L, E, and J are functions of ṙ and . We note that the appearances of the generalized symmetries are complicated and not particularly intuitive. One is inclined to the opinion that the nonlocal representation is to be preferred.
IV. THE KEPLER PROBLEM IN THREE DIMENSIONS
The radial, polar and azimuthal components of the equation of motion for the Kepler problem, ͑2.1͒, are respectively. The Laplace-Runge-Lenz vector, ͑2.8͒, has the three Cartesian components
and we combine the first two to obtain
͑4.7͒
By analogy with the two-dimensional Kepler problem the real part of the expression within the crochets is the obvious candidate for one of the new variables.
The matter of identifying a third variable-the z-component of the angular momentum which comes from direct integration of the azimuthal inflation makes an obvious second variablerequires a little ingenuity. From the azimuthal equation, ͑4.3͒, we have
͑4.8͒
With this and following division by the common r the polar equation becomes
We take to be the new independent variable. Then ͑4.9͒ is
where the prime denotes differentiation with respect to the new independent variable . A second oscillator is obtained after the change of variable v 2 ϭcot .
Thus we obtain a two-dimensional oscillator plus a conservation law, videlicet
where the independent variable is . The Lie point symmetries of ͑4.11͒ are those of the two-dimensional linear system plus ‫ץ‬ v 3 and are
The algebra of these 16 symmetries is A 1 sl(4,R), where the sl(4,R) is the algebra of the point symmetries of the two-dimensional simple harmonic oscillator.
The two-dimensional oscillator is completely specified by the five symmetries 2 ⌫ 1Ϯ , ⌫ 2Ϯ , and ⌫ 6 ϩ⌫ 9 which has the algebra A 
͑4.13͒
The structure of this symmetry is scarcely intuitive and it is unlikely that anyone could make an Anzatz for a structure of this type.
V. CONCLUSION
In this paper we have shown that there are three representations of the complete symmetry group for the Kepler problem. These three representations followed directly from the three representations of the complete symmetry group for the simple harmonic oscillator. As Nucci and Leach 29 have shown that a number of related problems, all characterized by the possession of a conserved vector of Laplace-Runge-Lenz type, may be reduced to the simple harmonic oscillator, we may infer that these systems also have three representations for their complete symmetry groups. Indeed, one expects that the algebra be the same.
Given that the algebra is the same, there should exist a transformation of coordinates between any two of these systems. We illustrate this in the case of the Kepler problem with drag, the problem of a low altitude satellite modelled by Danby, 4 with the equation of motion
where ␣ and are constants. Since the direction of the angular momentum is a constant, we may analyze the problem in two dimensions using plane polar coordinates, (r,). The radial and angular components of the equation of motion are
͑5.3͒
The reduction to the simple harmonic oscillator and a first-order conservation law is achieved by the change of variables 
͑5.5͒
and ␤ is the value of the conservation law Lϩ␣ which replaces the conservation of the magnitude of the angular momentum found for the standard Kepler problem. The Ermanno-Bernoulli constants are
͑5.6͒
In line with the treatment of the Kepler problem we would expect the system ͑5.2͒ and ͑5.3͒ to be completely specified by the symmetry ‫ץ‬ t plus any one of the triplets which completely specify the equation for the oscillator, say the A-set. We can incorporate the symmetry ‫ץ‬ t into the definition of the system to be tested, videlicet
ϭg͑r,,ṙ , ͒.
͑5.8͒
In terms of the variables t, r, and the three A symmetries are
The actions of the second extensions of these three symmetries on the pair of equations ͑5.7͒ and ͑5.8͒ produce the following set of equations to be solved to determine f and g. The equations alternate from radial to angular in turn,
͑5.17͒
We observe that the combinations r͓(5.17)Ϫ(5.15)͔ϩ2i(1Ϫrz)͑5.13͒ and the same with ͑5.16͒, ͑5.14͒, and ͑5.12͒ give zero on the right-hand side and so the system of partial differential equations to determine f and g reduces to an algebraic equation. From the combination of the angular equations we verify that
͑5.18͒
With this and the combination of the radial equations we then verify that
provided the function z() is a solution of the equation
Since the sets of symmetries B and C are related to those of A by means of a point transformation which preserves the differential equation, it is evident that the same result applies for the sets B and C.
In this paper we have demonstrated that the Kepler problem can be recast as a simple harmonic oscillator plus a conservation law. By contrast with other literature on the relationship between the Kepler problem and the simple harmonic oscillator in which the Kepler problem is embedded in an oscillator of higher dimension we have shown that the Kepler problem in two dimensions has a natural representation in terms of a one-dimensional oscillator plus a first-order equation which represents the conservation of angular momentum. In the case of the Kepler problem in three dimensions the natural representation is in terms of a two-dimensional oscillator and the conservation of the z component of the angular momentum. Because of this relationship between the Kepler problem and the simple harmonic oscillator and the well-established results for the complete symmetry group of the latter it has been a relatively easy matter to determine the complete symmetry group for the Kepler problem in its two-and three-dimensional forms. The former requires four symmetries to specify it completely and the latter six. In both cases the number of symmetries required is one less than would have been expected, that being five for the two-dimensional case and seven for the three-dimensional case.
We recall that Krause 15 reported that the complete symmetry group of the three-dimensional Kepler problem consists of eight elements which is considerably in excess of the number reported here. It is known 1 that an inappropriate choice of symmetries can result in more symmetries being required to specify the equation than the minimal number. Apparently this is what happened in the case of Krause's work. That it should happen is quite understandable since he was working in a vacuum, as it were. In the case of the present work we had the advantage of the results for oscillator systems 2 and the relationship between the Kepler problem and the oscillator which we have shown for the three-dimensional problem. Furthermore, as we saw in the case of the threedimensional Kepler problem, the representation of the elements of the complete symmetry algebra in terms of the original variables of the Kepler problem is extremely nonlocal and most nonintuitive. 
